We investigate the ability of dimerized spin chains with defects to generate EPR pairs to very high fidelity through their natural dynamics. We propose two protocols based on different initializations of the system, which yield the same maximally entangled Bell state after a characteristic time. This entangling time can be varied through engineering the weak/strong couplings' ratio of the chain, with larger values giving rise to an exponentially faster quantum entangling operation. We demonstrate that there is a set of characteristic values of the coupling, for which the entanglement generated remains extremely high. We investigate the robustness of both protocols to diagonal and off-diagonal disorder. Our results demonstrate extremely strong robustness to both perturbation types, up to strength of 50% of the weak coupling. Robustness to disorder can be further enhanced by increasing the coupling ratio. The combination of these properties makes the use of our proposed device suitable for the rapid and robust generation of Bell states in quantum information processing applications.
Introduction
The efficient and reliable production of entangled states is an area of particular importance in quantum technologies due to the relevance of such states as a resource in numerous applications (e.g. one-way quantum computation architectures [1, 2] , secure quantum key distribution schemes [3, 4] and teleportation protocols [5, 6] ). EPR pairs are pairs of qubits in the form of a Bell state and exhibit the simplest example of maximal bipartite entanglement [7] . Their importance as an entanglement resource is well established, hence various protocols for generating such pairs have been proposed [8, 9] . While most of these proposals involve the use of photons and optical implementations, some quantum architecture schemes may require a device able to generate such entangled states on a microscopic scale or within solid-state architectures. Therefore devices able to create and distribute such states on demand, by also linking quantum registers within solid-state quantum computer architectures are desirable. In this paper we propose two different protocols to accomplish this using spin chains.
Spin chains have been widely studied as a means to carry and distribute quantum information over short distances and their significance as a reliable quantum bus has been established over the past decades [10, 11, 12] . Other applications such as their use as entanglers [13, 14, 15, 16, 17, 18, 19, 20, 21] or to localise states in protected ways [22] have also been proposed. Among the advantages of spin chains as quantum devices is that they can be implemented through many physical systems. Examples include electrons and excitons trapped in nanostructures [11, 23] , nanometer scale magnetic particles [24] , strings of fullerenes [25] and, more generally, any physical system formed by a string of coupled two-level quantum subsystems.
In this paper we consider spin chains than can be represented using the XY Heisenberg model. With the use of such system we propose two protocols to generate EPR states that use two different system initializations. In the first, the injection of a single-excitation at the center allows us to generate and distribute the entanglement of a Bell state between two distant parties. The second one, spanning the two-excitation subspace, entangles two qubits that were initially distant and distributes the Bell state back to these two initial parties. We then present detailed results of the dynamics of the system both from the numerical and analytical perspectives for both protocols. We also account for imperfections in the fabrication of the device by exploring the effects of diagonal and non-diagonal static disorder on the overall protocols. For both the ideal and perturbed cases, we study in detail the dependence of the entangling protocol with the spin chain characteristics, showing the optimal scenarios. We finally compare the entangling times that could be achieved by different possible physical implementations of the protocol. Our results demonstrate that our proposed system offers a robust and rapid solid state alternative to generate Bell states, applicable to a wide range of physical systems.
The Model
The system considered here is a N =7 sites linear spin chain tuned to have an 'ABC' configuration, which consists of staggered weak (δ) and strong (∆) couplings, in a distribution such that there are three sites (named A, B and C) weakly coupled to the rest of the chain, as shown in Fig. 1 . The relevance of these three sites will be explained later.
The spin chain can be described by the following time-independent Hamiltonian,
with Ji,i+1 equal to either ∆ or δ depending on the site. We will refer frequently to the coupling ratio, δ/∆, as its value affects the properties we are interested in. Without loss of generality, we set ∆ = 1 in all cases so that the weak coupling strength will determine the coupling ratio. The first term in the Hamiltonian describes the on-site energies, i, which will be considered to be site independent (set to zero for convenience) until we include the effect of random diagonal disorder at a later stage. In our encoding we define a single excitation |1 as an "up" spin in a system initially prepared to have all the spins "down", |0 . In previous literature [14, 22, 26, 27, 17] it has been demonstrated that related dimerized chains have high fidelity quantum state transfer (QST) properties, which we will exploit in this investigation.
Entanglement generation protocols
We now introduce our two protocols for generating entangled states with ABC spin chains. Both protocols are comprised of two steps: firstly we inject a single product state into the system at t = 0. We consider the initial injection of one of the following two states:
(i) The single-excitation state injected at site B, |ψ1(0) , given by
(ii) The two-excitation state with a simultaneous injection at site A and C, |ψ2(0) , given by
We then allow the chosen initial state to evolve through the natural dynamics of the system, and observe the formation of an entangled state between qubits A and C at a later characteristic time tE. The protocols are outlined graphically in Fig. 1 . For convenience, we will henceforth refer to the methods requiring the initial injection of the single-and two-excitation states as the single-and two-excitation protocols, respectively. In order to quantify the bipartite entanglement between sites A and C, we use the entanglement of formation, EOF, a bipartite measure of entanglement for both pure and mixed states [28] . For the pair of qubits A and C, the EOF is defined by,
where ξ(CAC ) = h(
) and h = −x log 2 x − (1 − x) log 2 (1 − x) [29] . We can compute this value by obtaining the square roots of the four eigenvalues, λi = √ εi, of the matrix ρAC ρAC (with ρAC being the reduced density matrix of sites A and C, and
, and arranging these λi in decreasing order. Then τ is obtained as (B) Qubits A and C are entangled (green) after time evolution of the natural system dynamics; t E is the time at which maximum entanglement is achieved.
In the δ/∆ 1 limit, the full 7-site ABC spin chain system can be approximated by a smaller 'toy model', in which we consider only the three sites A, B and C, equally coupled, such that JAB = JBC = η, where η is the effective coupling induced by the presence of the connecting dimers. The Hamiltonian of this system is then given by
and the simplicity of its form allows us to easily obtain its eigenstates. The time-evolution of these eigenstates will be used as a base to obtain an analytical approximation of the dynamics of the single-and two-excitation protocols.
It is important to note that when the coupling ratio and the number of excitations increases the accuracy of this approximation to describe the dynamics falls off. This can be understood by inspecting the energy spectrum as shown in Fig. 2 . The trimer approximation is valid for low coupling ratios because the dimerization of the chain opens a large energy gap ∝ ∆. At the center of this gap, there are three states. For values of ∆ δ, the dynamics involving such three states can be considered independently of the rest of the spectrum. However, as the δ/∆ increases, the gap shrinks as the separation between the state of each band and central states depend on δ. Therefore the states from the bulk are now closer in energy to the trimer-like states. This will unavoidably have an influence on the dynamics causing bigger secondary oscillations as the energy difference gets smaller. This influence is even more abrupt when considering the two excitation sector due to the interplay of other states and a more complicated energy spectrum (see Fig. 2 : Comparison of the energy spectra of our 7-site ABC spin chain with one (l.h.s) and two (r.h.s) excitations. The black and red-dashed lines represent the energy levels for a system with a coupling ratio δ/∆ = 0.1 and δ/∆ = 0.5, respectively. It can be observed from this figure that both the increasing of the coupling ratio and the excitation number rises the complexity of the spectrum. Because of this, the trimer model is a worse approximation of the three relevant states that sit in the energy gap.
r.h.s panel of Fig. 2 ).
In most of the results we will present, we simulate the system dynamics over a time window the size of a single "fidelity period", tF , which is defined as the time taken for the chain to regain (or almost regain) its initial state after t = 0. We calculate tF using our 'toy model'. In general the fidelity, F , is a measure of the overlap of a desired or target state of the chain ψtar with the state of the chain at a given time ψ(t), and is given by
A value of F = 1 represents complete overlap of the two states. As will be seen, if for our system the dynamics and the fidelity against the initial state, ψtar = ψ(0), are calculated for an oscillation period tF , the desired state-a maximally entangled state-will occur during this oscillation, at time tE when the fidelity against the initial state approaches zero. For our trimer model, it can be shown analytically that the fidelity period is given by tF = π/( √ 2η) (see Appendix A), and we can relate this formalism back to our 7 site ABC chain by finding the value of the effective coupling strength between the key sites, which is given by
This follows directly from the separations in energy between the three states sitting in the energy gap, which are the main ones playing a role in the dynamics. These separations are influenced by the coupling ratio and, therefore, the sites that sit between A-B and B-C. The effective trimer coupling η is obtained by calculating the energy spectrum of the full Hamiltonian written in terms of ∆ and δ and relating it to the trimer spectrum, as it is shown in Appendix B.
We expect tE to be close to tF /2 -the middle of the window we consider: this is when, for the 'toy model', the fidelity of the initial state falls to zero, accompanied by an EoF peak close to unity due to the emergence of the now entangled state. Despite the decrease in accuracy of our approximation for the dynamics for large coupling ratios, the trimer approximation still holds well to calculate these time scales.
The chain length in this model can be increased by adding sets of four sites (two dimers, one either side of site B to preserve the symmetry) and the system will still support the protocols presented here. Yet this chain growth would increase the time taken for entanglement creation, exponentially with chain length, due to the exponential decrease of η with length. The important feature of the application proposed in this work is the robust creation of entanglement, therefore the scalability with chain length is less of an issue for this that it would be for applications with the chain acting as a quantum communication bus only.
Results

Single-excitation protocol
We first consider the coupling ratio dependence of both the time taken to achieve maximum entanglement (tE), and the associated EOF value, which we denote as EOFmax. As shown by Fig. 3 , the overall trend is that the tE decreases exponentially with increasing coupling ratio. We observe, however, ranges of coupling ratios with approximately constant tE (shown as 'flat' blue segments). Each of these ranges presents however only a single coupling ratio value for which the associated tE is approximately tF /2 (green line). This feature is demonstrated in the inset where we observe that the EOFmax profile is a sequence of "arches", each of them corresponding to one of the almost constant tE regions of the main panel. The coupling ratios for which tE = t F/2 coincide with the peak of each "arch" of the EOFmax profile. Even considering the arches, EOFmax between A and C remains very high for a large range of coupling ratios.
We now study in detail the three coupling ratios 0.10, 0.20 and 0.37 that correspond to local maxima of the EOFmax profile (see Fig. 3 ). For each ratio we simulate the system dynamics over a time window the size of a single analytic fidelity period tF , wherein we consider both the fidelity of the initial state and the EOF between sites A and C. The results for each ratio are shown in Fig. 4 with purple and green lines representing fidelity and EOF, respectively. We observe an EOF peak close to the center of the window (corresponding to tF /2) with a fidelity of the initial state close to zero. We note that our analytical estimates for tF are accurate despite underlying secondary Variation of t E with coupling ratio (blue data points) for the single-excitation protocol with overlaid analytical formula for t F /2 (green line). Inset: maximum EOF at t E (blue line) and EOF at the analytical t F /2 (green line).
oscillations resulting from the presence of the additional sites other than just A, B and C in the chain. The amplitude of these oscillations increases significantly with coupling ratio as a result of the reduction in the energy difference of the couplings. At the same time, their frequency in units of t
−1
F decreases, reducing to unity in the limit δ/∆ → 1. The arches of EOFmax we observed in the inset of Fig. 3 are generated by the presence of this secondary frequency, each subsequent arch corresponding to one secondary period less within tF . The variation of EOFmax within each arch then tracks the maximum of a secondary period going in and out of phase with the maximum of the main period.
The state which we observe when the EOF reaches its maximum value is, up to small corrections (with these smaller the closer EOFmax is to unity), a Bell state of the form
We now use the aforementioned trimer model to better understand the underlying entanglement mechanism behind this protocol. We begin by considering the eigenstates of the reduced Hamiltonian Eq. (6), which can be obtained through exact diagonalization and are given by
with |φ− having energy E− = − √ 2η, |φ0 having energy E0 = 0, and |φ+ having energy E+ = √ 2η. In terms of these eigenstates, the state of the chain at t = 0, can be decomposed as and we can time-evolve each of the two constituent eigenstates, |φ+ and |φ− using their respective propagators, e −iE + t and e −iE − t . From the results presented in Fig. 3 and 4,
EOF is maximum at tF /2, hence using this time value, the state of the system can be expressed as
Using the explicit expression of the basis vectors, this yields a maximally entangled Bell state between sites A and C:
We note that this entangled state is orthogonal to |ψ1(0) , hence we expect the EOF to be maximum when the fidelity for the ABC chain is very small, and this is indeed observed in Fig. 4 . To further explore this approximation, we can calculate analytically the fidelity of the trimer when the initial state is that of Eq. (11). This result is presented with a black dashed line profile for the dynamics associated with the three ratios shown in Fig. 4 . The approximation works well at low ratios but deviates considerably from the result for the full chain due to increasingly large secondary oscillations as the ratio increases. In all cases, however, we observe that the maxima and minima of the numeric and analytic results coincide closely; our analytical model predicts the key features of the system dynamics.
Two-excitation protocol
The single excitation protocol allows us to generate and distribute a Bell state with the convenience of having to initially interact only with a single site (B). However, some applications such as modular quantum processors proposals may need to generate this same entangled state with compliance and contribution of two distant parties or quantum registers [30] . This is the motivation that leads us to propose the two-excitation protocol. We introduce it by demonstrating that an entangled state similar to that obtained through the single-excitation mechanism can be obtained through the injection of |ψ2(0) . We do this by noting the particle-hole symmetry of the reduced trimer model and the fact that, for a three site system, one and two excitation pure states linked by this symmetry (|100 → |011 , |010 → |101 , and |001 → |110 ) are energetically indistinguishable as long as on site energies are set to zero. We can hence perform a swap operation between |0 and |1 states of the state calculated in Eq. (13) and obtain the particle-hole symmetric counterpart entangled state at tF /2 for the two excitations injection, of the form:
We therefore expect injection and evolution of |ψ2(0) to yield the same maximally entangled Bell state between sites A and C, with the extra excitation sitting in the middle. This state indeed coincides with the one we numerically observe at tE for the ABC chain, which was in fact the following:
We now consider the analysis of the two-excitations protocol over a range of coupling ratios. Fig. 5 shows the results for the same range of coupling ratios as that considered for the single-excitation protocol. Considering the behaviour of tE first, we observe very Variation of t E with coupling ratio (blue segments) for the two-excitation protocol with overlaid analytical behaviour of t F /2 (green line). Inset: maximum EOF at t E (blue line) and EOF at the analytical t F /2 (green line).
similar behavior for both protocols, but we note that the intervals of almost constant tE fall at different ratios for the single-and two-excitation protocols. The intervals cover different ranges of ratios in both cases, and hence no protocol is faster overall. If a particular ratio is required, it would be necessary to compare the time-dependencies of both protocols as well as the corresponding EOFmax.
The variation of EOFmax with coupling ratio for the two-excitations case is shown in the inset of Fig. 5 . We observe a similar oscillatory pattern to that of the singleexcitation case, but now the maximum of EOFmax within each arch does not decrease with the coupling ratio. As a result, it is possible to obtain EOF values extremely close to unity even for high ratios: a ratio as high as 0.52 yields an EOFmax greater than 0.999 and in just 5.57 time units.
As with the single-excitation case, we now consider in more detail the dynamics of the chain at three specific coupling ratios corresponding to maxima of EOFmax. We select coupling ratios of 0.11, 0.33, and 0.52, as shown in Fig. 6 . For each ratio, the value of EOFmax is greater than 0.999. Similarly to the single-excitation protocol, we observe the maximum of EOF close tF /2, where the fidelity reaches a value close to zero. However, for the two-excitations protocol, there is a larger difference between tF /2 and tE. Similarly we observe in the inset of Fig. 5 a small shift between the local maxima of EOFmax and EOF at tF /2. Once more there is the presence of the secondary oscillation in both the EOF and fidelity curves (Fig. 6) . However, the secondary oscillations of both fidelity and EOF present, in general, greater amplitudes, and the EOF curve presents cusps, a qualitatively different behaviour from the single excitation protocol. We attribute this to a more complex states interplay in the wave function which is more poorly approximated by the trimer toy model. For example, as the coupling ratio increases, the additional excitation in the chain center spreads over more central sites at EOFmax, so additional components should be added to Eq. (15), which then takes the form 
Robustness to disorder
The previous analysis has considered only ideal spin chains, however imperfections are likely to affect real physical devices. We will therefore consider the effect of two types of disorder on the model system, which can account for local, static perturbations and fabrication imperfections. These two types of disorder are modeled by introducing random terms on the off-diagonal (emulating imperfections of the couplings) and on the diagonal (corresponding to fluctuations of the site energies) terms of the Hamiltonian. We first consider the presence of off-diagonal disorder through the modification of our system couplings, Ji,i+1, such that J eff i,i+1 = Ji,i+1 + EJ di,i+1δ with Ji,i+1 ∈ (∆, δ). EJ is a dimensionless scaling factor which sets the strength of the disorder and we weight the disorder with the weak coupling strength (δ). To simulate the random nature of the disorder we introduce the pseudo-random number di,i+1, where −0.5 ≤ di,i+1 ≤ 0.5.
Secondly, we consider the effect of diagonal disorder through the addition of a term of the form i = E diδ to each diagonal element of the system Hamiltonian. Here di is another pseudo-random number, with the same properties as the first. Again we use a dimensionless scaling factor E and weight the disorder with the weak coupling strength.
In analyzing the robustness of our protocols two different scenarios have been considered. In the first we calculate the average EOF over many disorder realisations, EOF , at the time tE of maximum entanglement, of the unperturbed system. However, we note that due to the possibility of the perturbations shifting the time at which the EOF peak appears, we are no longer guaranteed to observe the maximum EOF at this time. It is therefore useful to also consider the average of the maximum EOF within the full time window in the presence of perturbations, EOF max, which is a measure of considerable practicality when calibration of the device is feasible. For both cases we present an (ensemble) average over 1000 realisations and consider a range of disorder weighted up to 50% of the weak coupling strength. We focus first on the single-excitation protocol, for each of the coupling ratios of Fig.  4 , 0.10, 0.20, and 0.37. The results for off-diagonal and diagonal disorder are shown in the l.h.s and r.h.s panels of Fig. 7 , respectively. It can be seen that, for each of the coupling ratios, the robustness against off-diagonal disorder is extremely high, with both EOF and EOF max remaining always above 0.8. The EOF max is almost independent of the coupling ratio, whereas the robustness of EOF is slightly diminished as the coupling ratio increases. Looking now at the blue and grey shadows, which represent the standard deviation of each ensemble, we observe that, for each ratio, the standard deviation of the single realisation is very small. For diagonal disorder, we observe a more pronounced dependence of the robustness of the protocol on the coupling ratio. For the smallest ratio of 0.10, both EOF and EOF max are close to 0.6 at the maximum disorder strength. This is in stark contrast to the case for a coupling ratio of 0.37, in which both average EOF are close to 0.9 at the same relative disorder strength. Similarly, the standard deviation of the single realisation significantly decreases with increasing coupling ratio. In this case the system is more robust to diagonal disorder than off-diagonal disorder, but neither cause a reduction greater than 20% of the maximum EOF value attainable with the unperturbed system.
Moving now to the two-excitation case, our results show that the trends in the results are similar, as shown in Fig. 8 . We again observe a very high robustness against off-diagonal disorder with average EOF values never below 0.8, and EOF max almost independent of the coupling ratio. As the coupling ratio increases, more robust becomes the system against diagonal disorder. In particular with coupling ratios of 0.33 and 0.52 we see that the EOF max and EOF are basically indistinguishable and both remain above 0.85 for the former and 0.93 for the latter, even at the highest levels of disorder. We note that the standard deviation is slightly larger in general for the twoexcitation protocol when compared to the single-excitation counterpart remaining very small at relatievly large coupling ratios. However, for the largest ratio the maximum entanglement is gained almost twice as fast as with the highest ratio considered with the single-excitation protocol.
Comparison of the entangling time scale and decoherence times for potential physical implementations
We wish to qualitatively assess the possibility of performing our protocol on few experimental platforms. In order to do so, we consider some of the typical characteristic coupling energies for electron qubits in GaAs/AlGaAs quantum dots [11] , exciton qubits in self-assembled quantum dots [31, 32] , trapped ions [33] and superconducting qubits [34, 35] . We use this energies to estimate ∆ and then tE for our two excitation protocol. Table 1 shows results for the mid coupling ratio of 0.33 which though providing excellent fidelity and robustness, does no correspond to the best case scenario. From our numerics for the two excitation protocol with a ratio of 0.33 we have tE = time = 11.93/∆. We compare our results for the tE with typical decoherence times for the various hardwares. Table 1 shows that for most platforms tE is much smaller than characteristic decoherence time, giving clear optimism on the possibility of using our protocol in experiments. We have demonstrated the potential for ABC spin chains to generate EPR states through two different entangling protocols. Importantly, our results prove the possibility of using a large range of characteristic coupling ratios for rapid generation of entangled states to a high fidelity. By increasing the value of δ, the entangled state is generated faster and with only a very small-to-insignificant fidelity loss. For the single-excitation protocol and the highest ratio considered (δ/∆ = 0.37), we incur a very small reduction in EOF of approximately 0.05; on the other hand, for the two-excitation protocol, we can retain an EOF of almost unity for all characteristic coupling ratios we considered. This result is particularly encouraging due to the exponential speedup of both entanglement protocols that we observe as the coupling ratio increases. Furthermore, we have demonstrated excellent robustness to both diagonal and off-diagonal disorder for these characteristic coupling ratios: not only is the robustness to off-diagonal disorder almost independent of coupling ratio, but that the robustness to diagonal disorder increases significantly as the coupling ratio is increased. This result exposes an interdependent relationship between the speed and robustness to disorder of both protocols. The ability to maximize both of these factors at little to no reduction in the maximum EOF allows us to propose ABC chains as rapid and reliable entanglement generation devices that present several advantages in front of previous implementations. First, our proposed device has the advantage of using static qubits (or 'stationary qubits') without the need of moving entities. This gives ABC-type chains the potential to fulfill the roll of gates between shortly distanced quantum registers. Second, this protocol is driven by the natural dynamics of the chain limiting the need of user interaction with the system. This interaction however will not be null as initialization and extraction of the desired input/output states will be needed. However, this leads to an additional advantage related to the flexibility of our protocol: we can generate entangled states from different initial state injections, each of which might be convenient in different hardware implementations. Additionally, as shown in previous work [14] , this protocol also offers the possibility of localizing and therefore storing the entangled state in a topologically protected eigenstate. Robustness is another plus; as the resilience of the protocol against fabrication defects and time delays is highly favorable for real applications. The structure of the chain also allows for modification and even optimization as we have shown by trying to find a compromise between the fidelity of the desired entangled state, the overall robustness of the protocol and, rather importantly, the time needed for the entanglement operation to settle. These times are very relevant features of such devices due to the necessity to have quickly operating gates able to perform as many operations as possible before the coherence of the qubits in the implementation falls off. In that line, and after performing such optimization, our rescaled operation times offer feasible results under real experimental implementations, as illustrated in Table 1 . All these points offer clear optimism in the prospective use of such devices in real applications. being the eigenvalues E+ = √ 2η and E− = − √ 2η. Thee fidelity time is therefore resolved to be tF = π/ √ 2η.
Appendix B -Derivation of η
When calculating the single excitation spectrum of the 7 sites ABC chain seven different energy states are obtained. Two on an upper band E +2 , E +3 , two on a lower band E −2 , E −3 and three sitting in between (energy gap), E +1 , E 0 and E −1 . From diagonalizing the full hamiltonian in terms of ∆ and δ we obtain the following analytical forms of such eigenvalues:
We know we can relate the three states sitting in the energy band (E ±1 , E 0 ) to the trimer model. First we show that the energies obtained from diagonalization of Eq. (6) are equivalent to the energies of an excitation sitting at sites A, B and C. We can rewrite our one excitation basis vectors in terms of the eigenvectors of the trimer (Eq. From this we can assume that the presence of the dimers in between are the responsible for the upper/lower bands. Therefore, the 'effective' coupling between A-B and B-C, η, will be related to the energy difference between these sites. Such difference is ∆E = EA − EB = √ 2η . If we retrieve the energy obtained from the diagonalization of the full Hamiltonian E ±1 we can finally obtain η,
After rearranging in terms of δ/∆ we obtain the expression presented in Eq. (8) .
